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We calculate the radio frequency (RF) spectrum of fermionic atoms near a narrow Feshbach
resonance, explaining observations made in ultracold samples of 6Li [E. L. Hazlett et al., Phys. Rev.
Lett. 108, 045304 (2012)]. We use a two channel resonance model to show that the RF spectrum
contains two peaks. In the wide-resonance limit, nearly all spectral weight lies in one of these
peaks, and typically the second peak is very broad. We find strong temperature dependence, which
can be traced to the energy dependence of the two-particle scattering. In addition to microscopic
calculations, we use sum rule arguments to find generic features of the spectrum which are model
independent.
PACS numbers: 03.75.Ss, 67.85.Lm, 37.10.Pq, 34.50.Cx
I. INTRODUCTION
Magnetic field induced scattering resonances give cold
atom experiments the ability to tune the strength of
inter-atomic interactions [1–3]. For example, for fields
in the range 824 − 844G, the scattering length in a gas
of fermionic 6Li changes by several orders of magnitude.
Studies of superfluidity at these fields have revolution-
ized our understanding of the connections between BCS-
pairing of fermions and Bose-Einstein condensation of
composite bosons. Recent attention has turned to “nar-
row” resonances, where the characteristic field over which
the scattering length changes is ∼ 0.1G [4–9]. As will
be described below, the scattering properties near nar-
row resonances are more complicated, featuring energy
dependences which are not captured by the scattering
length. Here we study how this energy dependence is
manifest in radio frequency (RF) spectra.
When the de Broglie wavelength of an atomic gas is
large compared to the range of interactions, one is in the
cold-collision limit, and all scattering properties are en-
coded in the s-wave scattering amplitude Re(f0(k)) =
−as − reffa2sk2 +O(k3). The scattering cross section be-
tween particles with relative momentum k is proportional
to |f0(k)|2. Low energy scattering is typically character-
ized by the s-wave scattering length as = −f0(k = 0).
The scattering length is a function of magnetic field, di-
verging at the Feshbach resonance field B0, with the func-
tional form
as(B) = abg(1− ∆B
B −B0 ). (1)
Here, ∆B is the width of the resonance, and abg is the
background scattering length, describing the scattering
far from resonance. These resonances are generically
associated with a crossing between a “closed channel”
molecular state and the open-channel continuum. The
characteristic scale over which f0 changes is given by
reff = ~2/mµabg∆B [6], where µ ≈ µB is the difference in
the magnetic moments of the two channels. If reffk  1
for a typical collision, then the scattering length is insuf-
ficient to describe the physics.
Recently, Ho et al. have pointed out that for a narrow
resonance, because of the energy dependence of the phase
shift, the interaction energy is highly asymmetric and
strong interactions persist even for B − B0  ∆B on
the BCS side [7]. This observation is consistent with the
studies of Jensen et al. at the impact of the effective
range on the thermodynamics of the BCS-BEC crossover
[9], and few-body studies by Petrov [6]. Schwenk and
Pethick used related arguments to constrain the equation
of state of nuclear matter [5].
Following these theoretical developments, O’Hara’s ex-
perimental group has studied a narrow resonance in 6Li,
finding that the interaction energy and three-body re-
combination rate are both strongly energy dependent [8].
This energy dependence can lead to novel many-body
physics, such as breached-pair superfluidity [10].
A similar experiment with Li − K mixtures has been
performed by Kohstall et al. [11]. They too study the
RF spectrum near a narrow resonance, with extra com-
plications due to the disparate masses and densities of
the two species. Here we restrict our discussion to the
simpler homonuclear problem. Qualitatively, their ob-
servations are very similar to O’Hara’s. In this paper,
we will calculate the RF spectrum of 6Li atoms near
the narrow resonance around 543G. As in the experi-
ment of Hazlett et al., we consider the system initially
in the lowest and third lowest hyperfine state (defined
as 1 and 3). The Feshbach resonance does not couple
these atoms, and the system is readily modeled as non-
interacting. RF waves will induce a transition between 3
and the second lowest hyperfine state (defined as 2). The
shape of the absorption line will be modified by the in-
teractions between atoms in state 1 and 2. Consequently
the absorption spectrum will have strong dependence on
the magnetic field. One hopes to use details of the RF
lineshape to learn about the underlying physics [12–22].
This program is analogous to how the tunneling spec-
tra in superconductors can reveal features of the phonon
pairing potential [23].
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2To calculate the lineshape we sum an infinite set of di-
agrams, restricting ourselves to intermediate states with-
out particle-hole excitations. Similarly we do not include
the inelastic decay of the excited Feshbach molecules.
These latter processes should slightly broaden the spec-
trum. This approach yields relatively simple results,
and obeys all of the appropriate sum rules. Includ-
ing more complicated intermediate states will quantita-
tively change the detailed lineshape, leaving gross fea-
tures (such as its first few moments) unchanged.
Through out this paper we restrict ourselves to a uni-
form gas whose density corresponds to the average den-
sity of the experimental harmonically trapped system. A
more sophisticated treatment would include inhomoge-
neous broadening from the trap [24].
Our paper is organized as follows: We first introduce
the two channel resonance model which describes the sys-
tem. Then we give a simple sum rule argument to extract
generic features of the RF lineshape as one changes the
resonance width. Next we calculate the RF spectrum
from a T = 0 variational ansatz. Next we generalize
our calculation to finite temperature using Matsubara
Green’s function techniques. Finally, we compare our
results with experiments.
II. MODEL
To describe the 3-component fermions near a narrow
Feshbach resonance, we use the following two channel
resonance model [25]
H=
∑
k,σ
k,σa
†
k,σak,σ +
∑
k
(k,b + δ) b
†
kbk
+
λ√
Ω
∑
p,q
(
b†p+qap,1aq,2 + h.c.
)
, (2)
where the first term in the Hamiltonian corresponds to
the energy of isolated atoms: ak,σ annihilates an atom
with momentum k and spin σ = 1, 2, 3, whose energy
is k,σ = ~2k2/2m − µσ, where µσ is the chemical po-
tential. The second term corresponds to the energy
of isolated molecules, k,b = ~2k2/4m − µ1 − µ2 and
δ = 2µB(B−B∞) is the detuning between the open and
closed channel , where 2µB is the magnetic moment dif-
ference between open and closed channel in 6Li with µB
the Bohr magneton. The last term in the Hamiltonian
λΛ/
√
Ω = λ
∑
p,q
(
b†p+qap,1aq,2 + h.c.
)
/
√
Ω parameter-
izes the coupling between open and closed channels via
a single coefficient λ. Ω is the volume of the system.
To second order in λ, the two-body T-matrix describing
scattering between states 1 and 2 is T 2B(k) = λ
2
Ω(2k−δ) ,
where k = ~2k2/2m is the energy of one particle be-
fore scattering. Thus the s-wave scattering length of the
system is
as =
mΩ
4pi~2
T 2B(0) = − mλ
2
4pi~2δ
, (3)
which can be compared with the empirical magnetic field
dependence as = abg(1 − ∆BB−B∞ ) ≈ −abg ∆BB−B∞ . Hence
λ is related to the experimental observables via
λ =
√
8pi~2abg∆BµB
m
. (4)
As introduced in section I, the spin states σ = 1, 2, 3
model the three lowest energy hyperfine states of 6Li near
the narrow Feshbach resonance at B = 543G. Inserting
known experimental parameters for 6Li with abg ≈ 62a0
and a0 the Bohr radius, we find λ ≈ 2.9 × 10−39J
√
m3.
The effective range of the model is reff = 4pi~4/m2λ2 ≈
3.5 × 104a0. For a uniform gas of 6Li gas with density
n = 1013cm−3, the Fermi wave vector kF = (6pi2n)1/3 ≈
8.4× 106m−1. In this case, we have reffkF ≈ 15.4, corre-
sponding to a narrow resonance.
At time t = 0, we imagine the system is prepared with
an equal number of particles in states 1 and 3, N1 =
N3 = N , and no particles in state 2, N2 = 0. Within
our model, interactions vanish for this initial state. To
investigate the narrow resonance between states 1 and 2,
we introduce a radio frequency probe which drives atoms
from state 3 into state 2. This probe can be modeled by
a perturbation
V =
∑
k
(
a†k,2ak,3e
−iω′t + a†k,3ak,2e
iω′t
)
, (5)
where w′ = w − (µ2 − µ3). The physical radio waves
have frequency ν = ν0 + w/h where ν0 is the free-space
resonance frequency for the transition from state 3 to 2.
For simplicity, we use units where ~ = kB = 1 and denote
µ1 = µ3 = µ, µ2 = 0. Thus in our model w
′ = w + µ.
A. Sum rules
At zero temperature, the ground state of our system (in
the absence of the probe) is a Fermi sea of equal numbers
of 1 and 3 particles |GS〉 = |F 〉 = Πk<kF a†k,1a†k,3|0〉. The
probe in Eq. (5) generates transitions from state 3 to
state 2 at a rate
I(w)= 2pi
∑
f
|〈GS|V |f〉|2 δ (w + µ− Ef + E0)
∝ Im〈GS|V 1
w − H¯ V
†|GS〉, (6)
where H¯ = H−E0−µ. The energy of the ground state is
E0, and the sum is over all final states |f〉 with energy Ef .
In this subsection, we calculate moments of I(w). Our
results will be exact. We will then use these moments to
describe qualitative features of the spectrum.
First, the total spectral weight is simply given by the
number of atoms initially in state 3,
S0 =
∫
dw
2pi
I(w)=
∑
f
|〈GS|V |f〉|2
= 〈GS|V V †|GS〉
= N. (7)
3Second, the first moment vanishes
S1 =
∫
dw
2pi
wI(w) = 〈GS|V H¯V †|GS〉 = 0, (8)
implying that the spectrum should extend over both the
negative and positive RF frequencies with a centroid at
w = 0. Third, the second moment is
S2 =
∫
dw
2pi
w2I(w)= 〈GS|V H¯H¯V †|GS〉
= −〈GS|[V, H¯]2|GS〉
=
λ2
Ω
N2. (9)
Finally, detuning dependence is encoded in the third or-
der sum rule
S3 =
∫
dw
2pi
w3I(w)=
λ2
Ω
〈GS|V ΛH¯0ΛV |GS〉
=
λ2
Ω
N2δshift, (10)
where H¯0 = H¯ − λΛ/
√
Ω, δshift = δ − 3EF /5 with EF =
k2F /2m the Fermi energy and kF = (6pi
2N/Ω)1/3.
To get a qualitative picture of the spectrum, we imag-
ine a bimodal distribution made up from two δ-function
peaks,
I(w) ≈ A+δ(w − w+) +A−δ(w − w−). (11)
Note: this ansatz does not capture the fact that the peaks
may be quite broad and asymmetric. Further, the fre-
quencies w± should be interpreted as the centroid of the
spectral line, rather than the location of maximum inten-
sity.
From the sum rules Eq. (7)-(10) we find
A± = piN
(
1∓ δshift√
δ2shift + 4Nλ
2/Ω
)
, (12)
w± =
1
2
(
δshift ±
√
δ2shift + 4Nλ
2/Ω
)
. (13)
At δshift = 0, the two peaks have equal weight, and
it is natural to define an effective scattering length a′s =
−mλ2/4piδshift. In the limit where the Fermi energy is
small compared to the detuning this corresponds to the
standard definition in Eq. (3). As will be more precisely
described below, for a wide resonance, one almost always
has EF  δ, so a′s ≈ as.
To illustrate the structure of Eq. (13), we rewrite it
in terms of the dimensionless variables x = 1/kFa
′
s and
z = kF reff ,
w±
EF
= g± (x, z) , (14)
where g±(x, z) = −(x±
√
x2 + 8z/3pi)/z. The variable x
is a measure of the interaction strength, while z is a mea-
sure of the resonance width. Fig. 1 shows w as a function
of x for several values of z. We only include the positive
z®0
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FIG. 1. Illustration of the evolution of the RF peaks from
wide to narrow resonance. Vertical axis shows the frequency
of one of the two peaks in the RF spectrum, as estimated by
our sum rule argument. Different lines are labeled by their
value of z = kF reff . A wide resonance corresponds to z → 0.
frequency w+ in Fig. 1. The equivalent picture for w−
is generated by noting that g−(x, z) = −g+(−x, z). As
x → 0, the peak moves to w+ =
√
8/(3piz)EF . In the
wide resonance limit, z → 0, the frequency shift diverges
at x = 0. Additionally, for x √z, the coefficients sim-
plify A+ → 1 and A− → 0, and there is effectively only
a single peak, with w+ ≈ 4pinas/m. On the other hand,
in the narrow resonance limit, z  1, the peaks have
nearly equal weight and disperse slowly as a function of
the scattering length. The curves in Fig. 1 become flatter
as the resonance width decreases.
In summary, the sum rules suggest the following:
(1) In the limit of a wide resonance, the spectrum is
dominated by a single peak whose mean frequency
w ≈ 4pinas/m, and w →∞ as as →∞.
(2) For a finite width resonance this divergence is cut
off.
(3) Generically, the spectrum will be bimodal near res-
onance.
(4) The location of the resonance, defined by when
equal spectral weight lies in each peak, is shifted
from its free-space value.
The divergence in (1) is a manifestation of the similar
divergence seen in sum rule calculations of the mean line-
shift in the RF-absorption from a superfluid initial state
to a noninteracting final state [26]. It should be inter-
preted as a divergence of the first moment of the spectral
line, rather than the location of the peak.
Beyond these generalities, the sum rule arguments do
not tell us about the detailed lineshapes. In the following
subsections we present more sophisticated arguments to
access these details. We will find that near resonance the
peaks become quite broad, with spectral width growing
as the temperature increases.
4B. Zero temperature
In the following subsections, we give a quantitative de-
scription of the RF spectrum. First we consider zero
temperature, approximating the sum in Eq. (6) by pro-
jecting H¯ into a restricted subspace. In subsection II. C,
we show that this projection is equivalent to summing a
certain set of Feynman diagrams.
We consider intermediate states of the form
|n〉 =
{
|q〉 = a†q,2aq,3|F 〉 (q < kF )
|p, q〉 = b†p+qap,1aq,3|F 〉 (p, q < kF )
, (15)
where |F 〉 is the filled Fermi sea of atoms in states 1
and 3. The state |q〉 represents the situation where the
atom in spin-state 3 with momentum q, has been trans-
ferred into spin-state 2. This atom can bind with an atom
in spin-state 1 with momentum p, forming a molecule
with momentum p + q, described by state |p, q〉. We
neglect possible intermediate states where this molecule
then breaks up into a pair of atoms with momentum p′
and q′. These latter states look similar to |q〉, but have
extra particle-hole excitations. In the limit λ → 0, such
processes are suppressed relative to the terms we keep.
Our approximation satisfies the sum rules in subsection
II. A. In this truncated space, the coupling interaction
Λ =
∑
p,q
(
b†p+qap,1aq,2 + h.c.
)
relates these two states∑
p |p, q〉 = Λ|q〉 and |q〉 = Λ|p, q〉. The relevant matrix
elements of H¯ are
〈q|H¯|q〉 = q,2 − q,3 − µ = 0, (16)
〈p, q|H¯|p, q〉 = δ + p+q,b − p,1 − q,3 − µ, (17)
〈q|H¯|p, q〉 = λ/
√
Ω. (18)
All other matrix elements vanish. Eq. (6) can then be
cast as a readily summable series in λ,
I(w)∝ Im
∑
nn′
〈GS|V |n〉〈n| 1
w − H¯ |n
′〉〈n′|V †|GS〉
= Im
∑
q<kF
〈q| 1
w − H¯0
∞∑
m=0
(
λΛ√
Ω(w − H¯0)
)2m|q〉
= Im
∑
q<kF
1
w + µ+ q,3 − q,2 − λ2θ(q, w) , (19)
where
θ(q, w) =
1
Ω
∑
p<kF
1
w + µ+ q,3 + p,1 − p+q,b − δ .(20)
When λ → 0, I(w) → δ(w), corresponding to the re-
sponse of free atoms. In section II. D. we numerically
calculate the sums and explore the resulting spectra.
C. Finite temperature
In this subsection we generalize our T = 0 calculation
to finite temperature. In particular, the RF spectrum is
=
2
3
FIG. 2. Graphical representation of Eq. (23), corresponding
to the exact result for the Hamiltonian in Eq. (2), that the
polarization R(k, iwn) is the product of two Green’s functions.
Thick lines are dressed propagators while thin ones are bare
propagators.
= +
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FIG. 3. Diagrammatic approximation used in Eq. (24). Solid
lines are fermions (particles 1, 2) and dashed lines are molec-
ular states. Thick lines are dressed propagators while thin
ones are bare propagators.
given by
I(w′)∝ Im 1
V
∑
k
R(k,w′ + i0)
= Im
∫
R(k, τ)ei(w
′+i0)τdτ, (21)
where
R(k, τ)= −〈Tτψ†3(k, τ)ψ2(k, τ)ψ†2(k, 0)ψ3(k, 0)〉
= 〈Tτψ3(k, 0)ψ†3(k, τ)〉〈Tτψ2(k, τ)ψ†2(k, 0)〉
= G3(k,−τ)G2(k, τ) (22)
is the imaginary time retarded Green’s function with
τ = it and τ > 0. G3(k,−τ) and G2(k, τ) are single
particle Green’s functions for the atoms in states 3 and
2. The brackets represent thermal expectation values in
the absence of the RF coupling, but in the presence of
interactions: 〈A〉 = Tr(AeβH) with β = 1/T . It is more
convenient to use the Matsubara representation,
R(k, iwn)=
∫
R(k, τ)eiwnτdτ
=
∑
w2
1
β
G3(k, i(w2 − wn))G2(k, iw2). (23)
Here wn = 2pin/β and wσ = (2pi+1)m/β with m,n ∈ N.
The relationship is shown diagrammatically in Fig. 2.
Since the Hamiltonian contains no interactions involving
particles in state 3, G3 = 1/(iw3 − k,3) is a bare propa-
gator. Using the standard techniques of many-body per-
turbation theory, G2 can be expressed as an infinite sum
of diagrams. The natural extension of the approximation
in subsection II. B. involves truncating this sum to only
include terms without particle-hole pairs. The resulting
series is expressed as a Dyson sum in Fig. 3. It corre-
sponds to writing the propagator as a geometric series
5IHΩ L
-8.
-4.
0.
4.
8.
∆

HaL T=0
-2 -1 0 1 2 Ω

IHΩ L
-8.
-4.
0.
4.
8.
∆

HbL T=Μ
-2 -1 0 1 2 Ω

IHΩ L
-8.
-4.
0.
4.
8.
∆

HcL T=2Μ
-2 -1 0 1 2 Ω

FIG. 4. Profiles of the RF spectrum as a function of reduced magnetic detuning δ˜ = δ/µ and RF frequency w˜ = w/µ at
temperature T = 0, µ, and 2µ.
G2(k, iw2) =
1
G02(k, iw2)
−1 − λ2Σ(k, iw2) , (24)
where G0σ=1,2,3(k, iwσ) = 1/(iwσ − k,σ) is the bare
atomic propagator. Σ(k, iw2) is the self energy of par-
ticle 2, which we take to be
Σ(k, iw2)=
1
V
∑
p,w1
G0b(k + p, i(w1 + w2))G
0
1(p, iw1)
=
∫
d3p
f(p,1)
iw2 + p,1 − k+p,b − δ , (25)
where G0b(k, iwn) = 1/(iwn − k,b) is the bare molecular
propagator. The Fermi distribution function is f(x) =
1/(eβx + 1).
Thus we have
R(k, iwn) =
1
β
f(k,3)
iwn + k,3 − k,2 − Γ(k, iwn) , (26)
with Γ(k, iwn) = λ
2Σ(k, iwn + k,3). The RF spectrum
is recovered as
I(w)∝ Im 1
V
∑
k
R(k, iwn → w + µ+ i0) (27)
= Im
1
β
∫
d3k
f(k,3)
w + µ+ k,3 − k,2 − Γ(k,w + µ) ,
where in the last expression we implicitly assumed that
w has a small positive imaginary part.
At zero temperature, Eq. (28) reduces to our previous
approximation in Eq. (19). In terms of dimensionless
variables we write
I(w˜) ∝ Im
∫ ∞
0
dk˜
k˜2f˜(k˜2 − µ˜)
w˜ − λ˜2Σ˜ (28)
with
Σ˜ =
∫ ∞
0
dp˜f˜(p˜2 − µ˜) p˜
k˜
ln
(
w˜ − δ˜ + (k˜ + p˜)2/2
w˜ − δ˜ + (k˜ − p˜)2/2
)
, (29)
where w˜ = w/F , k˜ = k/kF , µ˜ = µ/F , β˜ = βF , λ˜ =
λ
√
k3F /(2piF ), δ˜ = δ/F and f˜(x) = 1/(e
β˜x + 1), where
F is an arbitrary scale (typically taken to be the chemical
potential), and k2F /2m = F .
D. Results
In Fig. 4 we show the evolution of the RF spectrum as
a function of detuning and frequency for temperatures
T = 0, µ, and 2µ. The chemical potential is fixed as
µ˜ = 1 and the coupling strength λ˜ = 1. Many of the fea-
tures in Fig. 4 were anticipated by our sum rule calcula-
tion in section II. A. There are two peaks, which disperse
in opposite directions, with spectral weight continuously
shifting from one to another. A new feature, particularly
apparent at higher temperatures, is the peaks become
quite broad near resonance. There is also a marked asym-
metry, where the negative energy peak is broader. One
can attribute this broadening to the energy dependence
of the scattering.
III. COMPARISON WITH EXPERIMENT
Here we compare the spectra in Fig. 4 with the exper-
iments in Ref. [8]. Rather than modeling the harmonic
trap, we will treat the gas as homogeneous, using the
mean density in the experiment of Ref. [8]. Since the
initial state is effectively non-interacting, we can extract
the chemical potential at a given temperature by solving
n =
∫
d3kf(k − µ). Our results are shown in Fig. 5 (cf.
Fig. 4 from Ref. [8]). We see that on the scale of fields
used in the experiment, the bimodal structure is not ap-
parent, and it is reasonable to model the spectra by a
single peak. At higher temperatures near resonance the
peak is quite broad. The qualitative position of the peak
tracks well with the observations in Ref. [8], but deviates
6FIG. 5. RF spectrum as function of magnetic field B and RF
frequency w for different temperatures T = 0.86µK, 3.8µK,
10µK, and 24µK and densities n = 1.9 × 1010cm−3, n =
5.4×1012cm−3, n = 4.5×1013cm−3 and n = 1.6×1013cm−3.
Brighter color corresponding to higher intensity. Spectra and
fields are given in physical units.
quantitatively. The discrepancies are likely attributable
to inhomogeneities and uncertainty in the density.
IV. SUMMARY
In summary, we have studied the RF spectrum of
fermions near a narrow resonance. We presented a sum
rule calculation, which shows how the spectrum evolves
from a wide to narrow resonance. Wide resonances pos-
sess a divergence which is cut off by the effective range.
We found bimodal behavior near resonance. This bi-
modality becomes less apparent at high temperature and
can be masked by inhomogeneous broadening. At tem-
peratures of order the Fermi temperature, both peaks
broaden near resonance. The positive energy peak, how-
ever, is distinctly sharper.
The RF lineshape teaches us at least two lessons about
the underlying physics. First, as pointed out by Kohstall
et al., the sharp positive detuning peak is consistent with
the presence of a long-lived repulsive polaron on the BEC
side of resonance [11]. Second, as already emphasized the
extreme broadness of the higher temperature spectra re-
veals the energy dependence of the scattering amplitude.
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